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Abstract-The deformation of a thin circular ring of uniform thickness contained in a rigid circular cavity with
small initial clearance between the ring and cavity is considered. The displacement of the ring produced by an
acceleration of the rigid cavity in the plane of the ring is analyzed using nonlinear bending theory. Steady state
acceleration only is considered so that the inertia forces can be treated as static loads. Variables considered are
initial clearance, ring thickness and acceleration magnitude. The friction between the ring and cavity is assumed
to be zero. A closed-form solution to the linear portion ofthe governing differential equations is given. A numerical
solution is obtained to the nonlinear differential equations, and a particular ring-cavity geometry is studied using
this numerical solution. Results are compared with a ring-cavity system having zero clearance. The comparison
shows the effects of clearance on the ring-cavity system and indicates the sharp reduction in critical load due to
small initial radial clearance.

INTRODUCTION

RECENT studies by Zagustin and Herrmann [IJ and Pian and Bucciarelli [2J treated the
buckling of a radially constrained circular ring subjected to in-plane inertia loading, when
there is no initial clearance between the ring and the enclosing structure. The present
investigation specifically examines the influence ofa small radial clearance between ring and
enclosure. The distinction can be of significance in the analysis of constrained cylindrical
structures subjected to sudden lateral displacement.

The deformation ofa thin circular ring of uniform thickness contained in a rigid circular
cavity is considered. The displacement of the ring produced by an acceleration of the rigid
cavity in the plane of the ring is analyzed. Steady state acceleration is considered, and the
inertia forces are treated as static loads. In the initially undeformed state the ring has one
point of contact with the cavity. When the system is accelerated, the ring deforms and a
segment of the ring comes into contact with the cavity as shown in Fig. 1. As the loading is
increased, the length of this contact segment increases until a critical value of the load is
reached and the ring collapses.

The system is analyzed by use of nonlinear bending theory for the ring deformation.
Variables considered are initial clearance between ring and cavity, ring thickness and
acceleration magnitude. The friction between the ring and cavity is assumed to be zero, and
the ring material is assumed to remain elastic.
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II
SYMMETRY

FIG. 1. Schematic of ring-cavity.

ANALYSIS

The analysis of the system is carried out by use of a semi-inverse method. An angle to
contact <I> (Fig. 1) is specified and the nondimensional inertia load factor y which would cause
the system to have this angle to contact is sought. This approach permits the ring to be
separated into two segments, an upper segment which is independent ofthe cavity constraint,
and a lower segment which is constrained by the cavity. The solution for the system is
achieved by enforcement ofthe appropriate compatibility relations at the point ofcontact <1>.

The lower ring segment is treated as a circular arch subjected to steady state acceleration
and constrained by the rigid cavity in such a way that its radius in the deformed shape is
equal to that of the cavity. The upper ring segment is considered to be subjected to the
same steady state accleration, but to be constrained only at its terminal points by the lower
ring segment.

The governing nonlinear differential equations are applicable to what Novozhilov [3]
has called "intermediate" bending of thin rings. Their formulation is carried out by deriving
strain-displacement relations for small strains and moderately-small rotations, and relating
the strain at any point in the ring to centroidal-surface displacement components by use of
the Kirchhoffapproximations. Constitutive relations are based on Hooke's law. Equilibrium
equations are derived by summation of forces and moments on a ring element in a slightly
deformed configuration. The kinematic relations, constitutive relations and equilibrium
equations are combined to yield a set of two nonlinear ordinary differential equations in
terms of displacement components and load.



Deformation of an inertia-loaded thin ring in a rigid cavity with initial clearance 1541

Assumptions made in the analysis are the following:
1. The ring deforms symmetrically with respect to the vertical axis.
2. There is no friction between ring and cavity.
3. The thickness-radius ratio (hja) of the ring is much smaller than unity.
4. The hoop strains 8 and rotations OJ are much less than unity.
5. The cavity material is rigid and the ring material behaves elastically.
6. The loading is static, i.e. not a function of time.
7. The ring has a rectangular cross-section (and is of unit width).

KINEMATIC RELATIONS

Let rand 4J denote the radial and circumferential coordinates ofan arbitrary point in the
undeformed ring, V, w the tangential and radial displacement components of that point,
and jj the extensional strain of a circumferential line element. For jj small compared with
unity the relation between strain and displacements is readily shown to be (e.g. Ref. [4],
equation (14)):

__ (V'-w) 1(V'-W)2 1(V+W')2
8 - -- +- -- +---

r 2 r 2 r

where primes denote differentiation with respect to 4J.
For moderately small rotations, from Fig. 2,

v+w'W=--.
r

(1)

(2)

For both jj and wsmall compared with unity, the first quadratic term in equation (1) may be
neglected (we exclude from consideration cases in which Vi or ware of the magnitude of the
radius r or larger) and that equation simplified to the form:

__ (VI - w) 1(V +W') 2
8- -- +---

r 2 r

'i.
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-------------24I.......undeformed
ring

FIG. 2. Circumferential line element in ring.

(3)
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Ring bending theory is based on the simplifying approximation that normals to tht
undeformed centroidal surface remain straight normal and inextensional during the
deformation. Therefore, from Fig. 3, displacement components U, Wmay be expressed in
terms of the corresponding displacements u, w of a point on the centroidal surface bv tl1t
relations: .

i' 00:: p ..·zw

t
symmetry

undeformed
centro idol axis

\a

'. I

\! center of
. \+---Covity
'~I center of

-~'--'-'-.., _ - _.." _-+ undeformed

ri ng

FIG, 3, Normal to ring centroidal surface.

where OJ represents rotation at a point on the centroidal surface and is small compared with
unity. From equation (2),

V+t\"

Introduction into equation (3), rearrangement and observation that r ~ a for a thin ring
give

1" .. 11' I , w'
I; = ··+····w~ ..-.

iI 2 a
(6)

[It may be seen from equations (2), (4) and (5) that (t) ()).]

The extensional strain" of a circumferential line element on the centroidal surface is
obtained by setting z = 0 in equation (6). The curvature change K ofa centroidalline element
may be defined as the rate of change of the rotation OJ in the circumferential direction.
Therefore, equation (6) can be written

where

(8)
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and

V'+w"
K=

The K is positive when the radius at a point on the centroidal surface decreases.

CONSTITUTIVE EQUATIONS

(9)

For an elastic material the relation between the stress ij and strain eis expressed through
Hooke's law as

(10)

where the constant E represents Young's modulus. Definition ofthe stress resultant Nand
the moment M in the usual manner leads to the relations

N = EAt:, M = -ElK (11)

where 1 is the cross-sectional moment of inertia. With the sign convention used here, a
positive moment causes an increase in radius.

On substituting the relations for t: and K into equation (11) the values for N(t/J) and M(t/J)
can be expressed in terms of centroidal-surface displacement components as follows:

and

[( V'-W) 1 (V+W1)2JN(t/J) = EA -a- +2 -a-

(
V' +w")M(t/J) = -EI-7 - .

GOVERNING EQUILIBRIUM EQUATIONS

(12)

(13)

The governing nonlinear differential equations of equilibrium are derived by applying
the equations IF = IM = 0 to an element of the deformed ring. The ring element is in
a state of equilibrium under the action of external loads and internal forces, as shown in
Fig. 4. The equations are expressed in terms of the undeformed coordinate system, and
simplifying approximations are made in these equations which are consistent with the
assumptions of small elongations and moderately small rotations.

Since steady state acceleration is considered here, the inertia forces may be treated as
static loads. Thus the loading dP on the ring element can be expressed in terms of the un­
deformed geometry as

dP = ypA dS = ypAa dt/J (14)

where p, A and dS are weight density, area and element length of the undeformed element.
The force p(t/J) dS* is the foundation reaction and acts only in the range <D ~ ¢ ~ 1r.
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FIG. 4. Ring element in equilibrium.

Summation of forces in the tangential and normal directions and summation of the
moments yield the following three equations of equilibrium:

N' Nw- Q- pawL1+ (~~~)J+ypAa sin q'> 0 (15)

(Nm)' +N +Q' +pa[1 + (~:~~)J+ypAacos q'> = 0 (16)

M' - Qa = 0 (17)

(18)

where N, M and Q are centroidal hoop force, bending moment and tranverse shear force,
respectively. In these equations sin wand cos OJ are replaced by m and unity, respectively,
and quadratic terms representing products of the small quantities Q and w or Q and e are
neglected. The latter approximation is consistent with those utilized in the derivation of the
kinematic relations, i.e. that normals to the centroidal surface remain straight and normal
during the deformation. Such terms are missing from the outset when the equilibrium
equations are derived variationally from a potential energy expression in which the
strain energy due to transverse shearing strains is neglected (Ref. [5]).

Elimination of Qfrom equations (15) and (16) by use of equation (17) yields:

N' - Nm-~~M' - paw+ypAa sin <p = 0
a

and

N+(Nw)'+!M"+p(a+v'-w)+ypAa cos <p = 0
a

(19)
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where cubic terms (but not quadratic terms) representing products of the small quantities
p, wand (v' - w)ja have been neglected. Transformation of the above equations into
functions of displacement components yields the following two nonlinear differential
equations:

and

1
a(v" -, w')+(v+w')(v' +w")-(v'-w)(v+w')- 2a(V+W')3 + ka(v" +w"')

pal ypa3

---(v+w')+--sin 4> = 0
EA . E

(20)

3
(v" - w')(v + w') + 2a(v +W')2(V' + w") +(v' - w)(v' + w") + a(v' - w) +1(v +W')2

Pal ypa3
-ka(v'" +w"") +EA (a+v' -w)+E-cOS 4> = 0, (21)

where k = Ij(alA).
Equations (20) and (21) are the governing equilibrium equations in terms of the displace­

ment components v, w, the foundation reaction Pand the load factor y. The same equations
also have been derived on the basis of stationary potential energy theory in Ref. [5].

UPPER RING SEGMENT

The upper ring segment consists of that portion of the ring not in contact with the
cavity, i.e. the part in the region 0 :::; 4> < <1>. The two governing differential equations are,
from equations (20) and (21),

and

1

kw
lfl

- w' +(1 + k)v" + Yi sin 4> = PI

kW"" +w+kvlfl-V' - ypa
l

cos 4> = P2
E

(22)

(23)

where PI and P2 represent the nonlinear terms in the respective equations and are given by:

(24)

and

P2 = ~(v" w')(v+w')+~(v'-w)(v' +w")+~(v+W/)2[1 +~(v' +wlI)J. (25)
a a 2a a

The boundary conditions at the top centerline, 4> = 0, are, from symmetry,

v = w' = v" +w", = O. (26)
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At the point of contact, </> = <1>, the displacement components (kinematic boundary
conditions) for v, wand w' must be matched to those of the lower ring segment. Supple
mental conditions to be fulfilled at this point are that the internal forces Nand M (static
boundary conditions) must be compatible with those of the lower ring segment. In Ref.
the same kinematic and static boundary conditions for the upper ring segment were
obtained variationally.

Having found v and w, the internal hoop force, moment and shear can be found by
using the constitutive relations, equations (12) and (13), and the equilibrium equation (17).
I.e.

and

(

1)'1 + w"')Q(</» = -EI ." ....,. ..
a 3

LOWER RING SEGMENT

(27)

(29)

The lower ring segment consists of that portion of the ring in contact with the cavity,
i.e, that part in the region <I> s </> s re. The two differential equations to be satisfied in
order to describe the forces in this ring segment are, from equations (18) and (19),

I
, , I ,tv -Nw--M p(lw+/,pAasin</> = 0

a

1
N+(Nwr+~M"+p(a+v' w)+}'pAa cos </> = O.

a

(30)

They differ from those for the upper ring segment in that they contain the cavity reaction
force p(</».

In this segment of the ring both the deformed and undeformed shape are known. This
allows for some basic kinematic relations to be derived. An exact relation for I: in terms of
rotation (JJ is developed using Fig. 5 to give

R , f
I: = _···w +

a a

where f = R - a. Exact relations for v and w in terms of rotation ware, from Fig. 5,

u = R sin w-fsin </>

and

w = (1- R cos w-f cos </>.

(32)

(33)
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symmetry

FIG. 5. Lower ring segment geometry.

The change in curvature K is known in terms of the undeformed radius a and the
deformed radius R, i.e.

1 1
K = --- =

R a
f

aR
(35)

Combining equation (35) with (11) gives for the bending moment in the lower ring segment
the expression

Elf
M=-.

aR
(36)

On substituting equation (36) into (17) the shear force Q of course is found to be Q = O.
The principal interest ofthis problem lies in the case in which the original ring clearance

is small compared with the radius. Hence, the lower ring segment has relatively small
rotations, and its analysis may be satisfactorily treated as linear. Thus from equations (30)
and (31) the two governing linear differential equations become

N' +'YpAa sin cP = 0

N + pa+'YpAa cos cP = O.

On recalling that N = EAs, the differential equations may be written

, 'Ypa . A.. 0
S +ESlll,/-, =

(37)

(38)

(39)

(40)
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u/'

Equations (32) and (39) yield a second order differential equation for the rotation.
ypa 2 sin ¢

E R (4i)

Integration of this equation twice gives an expression for w in terms of two integration
constants D1 and D2 :

and

ypa2 sin ¢
OJ =.~ ··--·-l-D ..I.+DE R ' 1'J' 2'

(42)

(43)

At ¢ n, wen) = 0 from symmetry, so that D2 - D1n, and the rotation in the lower
ring segment is

ypa2 sin ¢
w(¢) = E R +D(¢ - n),

where D has been used in place of D j • From equations (44) and (32),

ypa RD I
I: = ~·cos ¢+ .... + ...

E a a

From equations (40) and (45) the foundation reaction force is

pa I'pa RD f
EA = .. 2-£.. cos ¢ a a

Using equation (45) the hoop force is

lv' J'pa ..I. RD I
-. = cos 'J' + +-.
EA E a a

The expressions for 1) and w in equations (33) and (34) give

v = Rw-Isin ¢

and

w = -f(l +cos ¢/.

Substitution of equations (44) into (48) gives 1) in terms of y and D:

(44)

(45)

(46)

(47)

(48)

(49)

(50)

In summary, the lower ring segment can be described in tenllS of the load factor y and
a constant D (which must be evaluated in combination with the upper ring segment) by
equations (36), (44), (46), (47), (49) and (50).
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LINEAR CLOSED·FORM SOLUTION

A linear closed-form analysis for the overall system is made by linearizing the governing
differential equations for the upper ring segment and combining the solution of these
linearized equations with that for the equations governing the lower ring segment.

On neglecting the nonlinear terms in equations (22) and (23) a set oflinear non-homo­
geneous equations is obtained for the upper ring segment from which the variables can be
uncoupled. The linearized differential equations are

ypa2
.

kw'" -w' +(1 +k)v" = --SlO </J (51)
E

and
ypa2

kw"" + w+ kv'" - v' - -- cos </J- E .
The solutions to these two equations are

. . ypa2 (1 +k)
w(</J) = C1+ C2 SlO </J + C3cos </J + C4 </J SlO </J+ Cs</J cos </J-T 4i(</J2 cos </J,

and

(52)

(53)

(54)

v( </J) = C6 + C1</J - C2 cos </J + C3 sin </J

+ C4 [ ( ~ : ~) sin </J - </J cos </JJ + Cs[(~: ~) cos </J + </J sin </JJ

+ "Y';l(k;1)</J cos </J+ (2~(:~~)) sin </J- (l~k)</J2 sin </JJ

where the unknowns Cl' C2' C3' C4' C5 and C6 are to be evaluated from the boundary
conditions at </J = 0 and </J = <1>.

Application of the boundary conditions at </J = 0, i.e. v = 0, w' = 0 and v" + w'" = 0
gives

(56)

(58)

(59)

(57)

C2 = Cs = C6 = O. (55)

Satisfaction of the three displacement compatibility relations at </J = <1>, i.e. those on
v, wand w', and the two force compatibility relations on Nand M results in five non­
homogeneous algebraic equations in the three unknown integration constants Cl' C

3
, C

4
and the two unknowns from the lower ring segment, y and D:

C1<I>+C3Sin<l>+C{(::~) sin <1>-<1> cos <I>J

+ y';2 [ (k;1)<I> cos <I> _ (k~1
)<1>2 sin <I> - sin <I>J + DR(n - <1» = - I sin <I>

C C '" C '" . ypa2(1 +k) 21+ 3COS W+ 4 WSlO <I>-T 4k <I> cos <I> = -I(l+cos<l»

C3sin <I> - C4(<I> cos <I> + sin <1» + ypa
2

( 1+ k) (2<1> cos <I> - <1>2 sin <1» = - I sin <I>
E 4k

C4 ( 1
2k

k) cos <I> + ypa2[<I> sin <I>+~ cos <l>J + DR = -I+ E 2(1 + k)
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C1 + C4 (_2_) cos <1> +ypa
2 fl <1> sin <1> + ( .k_~-L_) cos <1>1 = (if (60)

l+k E Ik 2k(l+k). R

The simultaneous solution of these five equations yields values for the unknowns with
which the displacement components and forces can be determined.

In Ref. [5J the linear analysis of the upper ring segment equations is carried out using
the linearized form of the differential equations (18) and (19) to determine N(4)) and M«(/»
and then using the linearized kinematic relations to find the displacement components I" II

The analysis yields complex but uncoupled expressions for N, M, t', lV,"/ and [) as functions
of <1> and ¢.

NONLINEAR NUMERICAL SOLUTION

The linear closed-form solution for the lower ring segment is combined with a numerical
nonlinear analysis of the upper ring segment to yield an overall solution to the deformation
of the ring for moderately large deformations. The numerical analysis is carried out using a
Newton--Raphson algorithm in conjunction with finite differences.

Transformation of the governing differential equations, equations (22) and (23), II1tO
a set of nonlinear algebraic equations is made using five-point central difference equations
in the Lagrangian form [6]. Boundary conditions at the top centerline ¢ ,= 0 are trans­
formed using central difference equations and symmetry. Boundary (matching) conditions
at the point of contact 4> = <1> are transformed using backward sloping difference equations
and the linear closed-form solutions for displacement components from the lower ring
segment solution. The two-point boundary value problem is thus transformed into a set
of 2N +9 nonlinear algebraic equations in 2N +9 unknown quantities, where N is the
number of pivotal points in the interval [0, <1>]. A detailed account of the numerical analysis
can be found in Ref. [5].

The set of equations, expressed in matrix notation, may be written as

Ax = B+P(x) (61)

where A is a square matrix of the coefficients of the linear unknown terms, x is a column
matrix of the unknown quantities (displacement components, loading function y and
constant D), B is a column matrix of known terms and P(x) is a column matrix of the non­
linear terms in the unknown displacement components.

Prior to consideration of the nonlinear terms P(x), an investigation of the accuracy of
the computer solution to the set of linear equations

Ax = B (62)

is made with regard to the effect of significant figures and the number of pivotal points used.
Equation (62) is programmed in a machine code and a solution is obtained by an inversion
of matrix A using a Gauss-Seidel iteration scheme. Calculations are carried out for a ring
having a/h equal to 100 and an initial radial clearance }/a equal to 0·00143. Using this
program, the angle to contact <1> is held constant, the number of pivotal points is varied,
and the resulting solutions are compared with the linear closed-form results. A plot of the
numerical results for the top centerline displacement and the inertial load factor }' vs. the
number of pivotal points for <1> = 90° is shown in Fig. 6. This comparison indicates that it
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FIG. 6. Centerline displacement and inertial load factor vs. number of pivotal points.

is necessary to use double precision accuracy (14 significant figures) and to maintain a
spacing between pivotal points equal to or less than 0·030 rad. in order to achieve numerical
results to within 1 per cent of the linear closed-form solution.

The unusual accuracy required and the large number of pivotal points necessary to
obtain a numerical solution to the equations are results of the highly coupled nature of the
equations and of the ring-cavity geometry used. Complete coupling of the algebraic equa­
tions occurs through the inertial load factor y, and the thickness parameter k in the numerical
example has an order of magnitude of 10' 7.

For solution of the nonlinear problem represented by equation (61), the nonlinear differ­
ence equations are programmed in a machine code and a Newton~Raphson algorithm [7]
is coded and used to solve the equations. This solution also is carried out for the ring having
a/h equal to 100 and an initial radial clearance f/a equal to 0·00143.

For the necessary initial approximation to the solution to the difference equations,
the linear values obtained from the numerical solution of equation (62), for a value of
<I> = 50°, are used. A nonlinear solution for this <I> is then obtained. A small increment of <I>
is made and the starting values for the new <I> are the nonlinear values obtained for the
previous <1>. This step-by-step procedure is repeated until the critical load is obtained. The
size of the increment of <I> is governed by the number of iterations necessary to converge to
within the desired accuracy. The algorithm gives an accuracy of convergence to within
three significant figures.

RESULTS AND CONCLUSIONS

Results of the solution are shown in Figs. 7and 8. In Fig. 7, a plot ofload factor y vs. top
centerline displacement component Wo is presented. Also shown for comparison is the
result of the zero clearance solution given in Ref. [1]. This figure indicates that an initial
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radial clearance equal to 0·143 percent of the initial ring radius causes a 33 per cent decrease
in critical load relative to the zero-clearance case.

In Fig. 8, a plot of angle to contact <I> vs. top centerline displacement component W o is
shown along with the above-mentioned zero clearance solution. This figure indicates that
the critical load is reached before the minimum angle to contact is reached, and, as expected,
that the initial clearance solution approaches the zero clearance solution for large values of
woo

lt is concluded that for such a ring-cavity system, a small initial radial clearance sharply
reduces the critical load.
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A6cTpaKT-lAccneilYCTC51 ilcQlOpMaUl-lSl TOHKoro, Kpyrnoro KOJlhua, nOCT05lHHOll. TOJIU1HHhl, HaXOillleerOCll
B JKCCTKOH KpyrnOH nOJlOCTlf, C MaJlhlM Ha'laJlbHhlM 3a30poM MCJKLlY KOJlhUOM If nOJlOCThlO. IACnOJIh3Yll
HcnHHeHHylO TCOplf1O 1f3m6a, AaeTcll aHaJllf3 ncpe'MewcHlfli KOJlhl.\a, Bh13BaHHOro YCKopeHl-ICM lKCCTKOI1
nOJIOCTIt B nIlOCKOCTIf KonhUa. Y'lHTblBaeTcll TOJlbKO CTaUItOHapHOc yCKopelilte TaK, 'ITO CItJlhl Ifliepl.\ItH
MOlKHO paCCMaTpHBaTh B CMblCJlC CTaTIt'leCKOH Harpy3KH. PaCMaTpHBaCMhlMH nepCMCIIIIblMH llBJ111IOTCll:

Ha'laJlbHblH 3a30p, TOIlWItHa KOJlbua If BeJ1H'lHHa YCKopeHHll. npeAnOJ1araeTli HyneBoe TpCHlfe MelKJl,y
KOJ1hl.\OM R nOJlOCTblO. ,l],aeTcli peweHHe B3aMKHyToM BRJl,e, no OTHOlIIeHHH KnHHcl1HoH 'laCTIf onpCAeJlllIQ­
WHX )l,HQlQlCpCHUltanbHhIX ypaBHeHHii, MCCJlCilYCTCli nOJl,p06HO rCOMCTplf51 KOJll.\a H nOJlOCTIf, nYTeM
HCHOnb30BaHll51 'lItCJIeHHOrO pelIIcHRll. PC3YJ1hTaTbl CpaBHltBalOTC5I C CI1CTeMOH KOIlhl.\a C HYJ1eBhlM
3a30poM. CpaBHeHItC YKa3blBaeT 3Qltl>CKThl 3a30pa no OTHoweHHR KCIfCTeMe KOnhl.\O-nOJlpcTh If 3Ha'lHTeJIB­
Hhle YMeHWCHlte KpItTR'leCKOH Harpy3KH, BCJlCnCTBHe Manoro «a'laJlbHOrO pa)l,ltaJlhHOrO 3a30pa.


